Recently it was shown in Kim [26] α/2 -harmonic function in D, then non-tangential limits of u/h exist almost everywhere with respect to the Martin-representing measure of h. This extends the result of Bogdan and Dyda [7] . It is also shown that, under the gaugeability assumption, relative Fatou's theorem is true for operators obtained from the generator of the killed α-stable process in bounded κ-fat open set D through non-local FeynmanKac transforms. As an application, relative Fatou's theorem for relativistic stable processes is also true if D is bounded C 1,1 -open set.
Introduction
Fatou [22] in 1906 showed that bounded harmonic functions in the open unit disk have nontangential limits almost everywhere on the unit circle. Later, Fatou's theorem (in classical sense) has been extended to some general open sets, up to uniform domains (see [1] , [23] , [24] and [25] for analytic approaches). Probabilistic methods can be applied to proving Fatou's theorem. Through probabilistic methods, Fatou's theorem for Brownian motion (classical sense) and for various diffusion processes were proved (see, for example, [2] , [10] , [20] and [21] ). So far Fatou's theorem has mainly been established for elliptic differential operators or equivalently, diffusion processes. However, recently Fatou's theorem for discontinuous transient censored stable processes in bounded C 1,1 open set is proved in Kim [26] through a probabilistic method.
Fatou's theorem can be stated in a more general setting, namely, relative Fatou's theorem. Doob [19] in 1959 showed that the ratio u/h of two positive harmonic functions for Brownian motion on the open solid spheres has non-tangential limits almost everywhere with respect to the Martinrepresenting measure of h (see [18] for non-probabilistic proof). Later, relative Fatou's theorem (in classical sense) has been extended to some general open sets (for example, see [32] and the references therein).
But relative Fatou's theorem stated above (and Fatou's theorem) is not true for (−∆) α/2 -harmonic functions (see R. Bass and D. You [3] for some counterexamples). In this paper, relative In K. Bogdan and B. Dyda [7] , they prove the relative Fatou's theorem for a special class of (−∆) α/2 -harmonic functions in bounded C 1,1 domains through an analytic method. In this paper, through a probabilistic method, we show that the relative Fatou The above Feynman-Kac transform is called non-local (see Remark 1 of [12] ). The Feynman-Kac transform of the above type has been studied by [8] , [11] , [12] [13] and [15] in connection with gauge and conditional gauge theorems for a large class of Markov processes. In this paper, we study the boundary behavior of the ratio of harmonic functions for symmetric α-stable process in bounded κ-fat open set under possibly discontinuous Feynman-Kac perturbation. Under the gaugeability assumption, we show that relative Fatou's theorem is also true under possibly discontinuous Feynman-Kac perturbation. To our knowledge, the boundary behavior of harmonic function under non-local Feynman-Kac perturbations has not been studied previously except in Kim [26] . This paper is organized as follows. In section 2, we recall the definition of symmetric α-stable process and collect some known facts concerning symmetric α-stable process in bounded κ-fat open set and (−∆) α/2 -harmonic function from [31] . Section 3 contains the proof of relative Fatou's theorem for (−∆) α/2 -harmonic functions in bounded κ-fat open sets. The main idea of our proof is similar to Kim [26] , which is inspired by Doob's approach (see also Bass [2] ). We use Harnack and boundary Harnack principle obtained in [31] and extend some results in [16] to bounded κ-fat open set. If the open set is the unit ball in R 2 , we show that our result is the best possible. In section 4, we recall the definition of new Kato classes from [8] , and nonlocal Feynman-Kac transforms from [8] and [11] . Then under the gaugeability assumption, we show relative Fatou's theorem for non-local operators obtained from a symmetric α-stable process in bounded κ-fat open set through non-local Feynman-Kac transforms. As a consequence, relative Fatou's theorem for relativistic stable processes in bounded C 1,1 open set is established.
In this paper, we use ":=" as a way of definition, which is read as "is defined to be". For functions f and g, notation "f ≈ g" means that there exist constants c 2 > c 1 > 0 such that c 1 g ≤ f ≤ c 2 g. The letter c, with or without subscripts, signifies a constant whose value is unimportant and which may change from location to location, even within a line.
Preliminaries
Let X = {X t } t≥0 denote a symmetric α-stable process in R n with α ∈ (0, 2) and n ≥ 2, that is, let X t be a Lévy process whose transition density p(t, y − x) relative to the Lebesgue measure is given by the Fourier transform,
, where ∂ is a coffin state added to R n . The process X D , i.e., the process X killed upon leaving D, is called the (killed) symmetric α-stable process in D.
To state Harnack principle for X, we need the following definition.
Definition 2.1 Let D be an open subset of R n . A locally integrable function u defined on R n taking values in (−∞, ∞] and satisfying the condition {x∈R n ;|x|>1} |u(x)||x| −(n+α) dx < ∞ is said to be
for every open set B whose closure is a compact subset of D;
(2) (−∆) α/2 -superharmonic in D if u is lower semicontinuous in D and
for every open set B whose closure is a compact subset of D; [6] for an analytic definition and its equivalence). Also note that singular (−∆) α/2 -harmonic function u in D is harmonic with respect to X D . i.e.
for every open set B whose closure is a compact subset of D.
Then there exists a constant J depending only on n and α, such that
for every nonnegative (−∆) α/2 -harmonic function u in B(x 1 , r) ∪ B(x 2 , r).
Unlike Brownian motion, the above theorem does not require Harnack chain argument. This observation is one of the reason why relative Fatou's theorem for (−∆) α/2 -harmonic function is true in very general open set. We will often use the results in [31] . For our convenience, their main results are listed here. First we adopt the definition of κ-fat open set from [31] . Note that every Lipschitz domain and non-tangentially accessible domain defined by Jerison and Kenig in [25] are κ-fat. Moreover, every John domain is κ-fat (see Lemma 6.3 in [29] ). The boundary of a κ-fat open set can be highly nonrectifiable and, in general, no regularity of its boundary can be inferred. Bounded κ-fat open set can even be locally disconnected (see examples immediately following Lemma 3.9).
Throughout this paper, D is a bounded κ-fat open set, n ≥ 2, α ∈ (0, 2) and F t is the completed filtration for X D t , that is,
where N x is the collection of P x -null sets.
Theorem 2.4 (Theorem 3.1 in [31] ) Let D be a bounded open set in R n which is κ-fat for some κ ∈ (0, 1/2]. Then there exists constant C = C(n, α) > 1 such that for any z ∈ ∂D, r ∈ (0, R) and
It is well known that there is a positive continuous symmetric function
where A(n, α) is a positive constant depending only on n and α. Fix x 0 ∈ D and set
It is shown in [31] that M D (x, z) := lim y→z∈∂D M D (x, y) exists for every z ∈ ∂D, which is called the Martin kernel of D, and that
The following properties of the Martin kernel and the Martin boundary with respect to X D are established in [31] . We call w ∈ ∂D a regular boundary point if X D is a transient symmetric Hunt process satisfying Hypothesis (B) in Kunita and Watanabe [27] . Thus non-negative singular (−∆) α/2 -harmonic functions admit a Martin representation. Therefore, Theorem 2.5 implies that, for every non-negative singular (−∆) α/2 -harmonic function u, there is a unique finite measure ν on ∂D such that
In this section, we establish relative Fatou's theorem for (−∆) α/2 -harmonic functions in bounded κ-fat open set. The proof of the next proposition is well known (for example, see [2] and [26] ).
where
Using the strong Markov property, one can easily see that
First we show the following simple lemma, which is similar to Theorem 2.4 in [16] .
Proof. Fix z ∈ ∂D and ε > 0, and let h(x) := M D (x, z) for x ∈ R n . By Theorem 2.4, h is bounded on R n \ B(z, ε/2). In fact, there exists C = C(n, α) > 1 such that for every x ∈ D \ B(z, ε/2), 
(3.5)
We also know from [31] (Theorem 2.5) that if w ∈ ∂D, w = z and w is a regular boundary point, then h(x) → 0 as x → w so that h is continuous on D \ B(z, ε) \ N . Therefore, since h is bounded on R n \ B(z, ε/2), by the bounded convergence theorem and (3.5), we have
By the boundedness of h on R n \ B(z, ε/2), we can find two smooth open sets U 1 and
and h is the bounded on U 2 . The rest of the proof is similar to the proof in Theorem 2.4 in [16] . So we omit it here. 2
The following theorem is proved in [16] for bounded Lipschitz domain. In fact, by a similar proof with some modifications, it is true for bounded κ-fat open set D too.
Proof. By 3G theorem (Theorem 6.1 in [31] ), there exists a positive constant C = C(D, α, n) < ∞ such that sup
In fact, by Lemma 3.11 in [16] and Theorem 6.1 in [31] , we have
Therefore P z x (τ z D < ∞) = 1 for every x ∈ D and z ∈ ∂D. Now we fix x ∈ D and z ∈ ∂D and claim that P z
The proof of this claim is well-known (see Theorem 5.9 in [17] and Theorem 3.17 in [16] ). We give a sketch of the proof here.
Let
It follows that for all m ≥ 1 we have
, which is finite by Lemma 3.2. For k < m,
(see page 283 in [16] for details). Since {z} in R n with n ≥ 2 has zero capacity with respect to X (for example, see [5] for details), we have lim sup
The rest of the proof is the same as the proof in Theorem 3.17 in [16] . 2
The above Theorem implies that
for every x ∈ D and Borel subset K ⊂ ∂D. So the next theorem, which is stated for bounded Lipschitz domain in [16] , follows easily. For positive singular (−∆) α/2 -harmonic function h in D, we let (P h x , X h t ) be the h-transform
Theorem 3.4 Let ν be a finite measure on ∂D. Define
which is a positive singular harmonic function in D. Then for x ∈ D,
where K is a Borel subset of ∂D.
The following result is a easy consequence of the above theorem.
Proposition 3.5 Let ν be a finite measure on ∂D with ν(∂D) = 1. Define
for every Borel subset K of ∂D.
Proof. Take an increasing sequence of open sets
Set τ m = τ Dm and fix an A ∈ F τm . Since M (x 0 , z) = 1 for z ∈ ∂D, by Theorem 3.4, Fubini's Theorem and the strong Markov property for conditional process (for example, see [27] ), we have that for every Borel subset K of ∂D,
for every Borel subset K of ∂D and A ∈ ∪ m≥1 F τm . By monotone class theorem, (3.6) is true for every Borel subset K of ∂D and
The next proposition is well-known (see page 196 in Bass [2] ).
is a constant function which is either 0 or 1.
Proof. For every stopping time
is constant by Theorem 2.5. With D m and τ m in the proof of Proposition 3.5 and
Let m → ∞ and let B = A. Then we have Since β > (1 − κ)/κ, A β z is not empty. In fact, the following is true.
Lemma 3.9 For every z ∈ ∂D and β > (1 − κ)/κ, there exists a sequence
We may assume
we have
A simple example of bounded κ-fat open set is
where E k := {y = 2 −k }. One can easily see that every B(z, ε) ∩ G is not locally connected for every z ∈ G ∩ {y = 0} and ε > 0. In particular, A β z is not locally connected at every z ∈ G ∩ {y = 0}.
by the Harnack principle (Theorem 2.2) and Proposition 3.1 we have
Since min{|y − z|, |x 0 − z|} > δ D (y)/2, by boundary Harnack principle (Theorem 2.4),
and fix a point z 2 in ∂B(y, δ D (y)/8). We see that
and
.
On the other hand, by Theorem 2.2 we have
. Now by Green function estimate for ball and monotonicity of Green function for X,
The next proposition is a variation of Theorem 2.2.
for every y ∈ D and z ∈ B λ 0 y := B(y, λ 0 δ D (y)).
Proof. Fix y ∈ D and let τ λ := τ B λ y
. By estimates of Poisson kernels of X t and the positivity of u (cf. [14] ), for every z, w ∈ B λ 0 y where 0 < λ 0 < λ < 1,
Since u is (−∆) α/2 -harmonic in D, for every z, w ∈ B λ 1 y we have
Before proving relative Fatou's theorem for (−∆) α/2 -harmonic function in D, we need the following definition.
Definition 3.12 A nonnegative Borel measurable function f defined on D is said to be (1) excessive with respect to X D if for every x ∈ D and t > 0,
(2) superharmonic with respect to X D if f is lower semi-continuous in D, and
It is well known that f is excessive with respect to X D if and only if f is superharmonic with respect to X D (in fact, this result is true in much more general setting, see [11] ). Now we are ready to show relative Fatou's theorem for (−∆) α/2 -harmonic function in D. The proof is similar to the proof of Theorem 3.10 in [26] but we spell out detail for the reader's convenience. 
where ν is a finite measure on ∂D. If u is a nonnegative (−∆) α/2 -harmonic function in D, then for ν-a.e. z ∈ ∂D,
Proof. Without loss of generality, we assume ν(∂D) = 1. Since u is non-negative superharmonic with respect to X D , u is excessive with respect to X D . In particular,
So by Markov property for conditional process (for example, see [31] ), we have for every t, s > 0
Therefore, we see that u(X h t )/h(X h t ) is a non-negative supermartingale with respect to P h x 0 . therefore the martingale convergence theorem gives
exists and is finite P h x 0 -a.s. , so by Proposition 3.5, we have
exists and is finite
exists and is finite ν(dz).
Therefore, for ν-a.e. z ∈ ∂D
exists and is finite = 1.
We are going to show that (3.7) holds for z ∈ ∂D satisfying (3.8). Fix z ∈ ∂D satisfying (3.8) and fix a β > (1 − κ)/κ. Let
and assume l < ∞. Then by Lemma 3.9, for any ε > 0 there exists a sequence
for every w ∈ B λ 0 y k = B(y k , λ 0 δ D (y)). On the other hand,
for every M > 1, which is a contradiction because lim t↑τ z
Then for any ε > 0, there exists a sequence
for every w ∈ B λ 0 z k . Similarly we have
From (3.8), (3.12) and (3.13), by letting ε ↓ 0 we have
We conclude from (3.11) and (3.14) that
exists and is finite for ν-a.e. z ∈ ∂D.
2
Remark 3.14 Since constant functions in R n are (−∆) α/2 -harmonic in D, one can easily see that the above Theorem is also true for every (−∆) α/2 -harmonic function u in D either bounded from below or above. 
exists and is finite for σ-a.e. z ∈ ∂D. (3.15)
In particular, (3.15) is true for bounded Lipschitz open sets. Therefore Theorem 3.13 extends the result of Bogdan and Dyda [7] .
With an extra condition, we can state relative Fatou's theorem for (non-singular) (−∆) α/2 -harmonic functions. 
exists for σ-a.e. z ∈ ∂D and every β > 1 − κ κ .
where σ is the surface measure on ∂D. By Corollary 3.16, It is enough to show that there exists
Since D is bounded C 1,1 open set, there exists c 1 depending only on D such that for every x ∈ D and k ≥ 1,
where z x ∈ ∂D and |z x − x| = δ D (x). Let
We see that for
By (3.17), (3.18) and the Martin kernel estimate (Theorem 3.9 in [16] ) ,
2 If u and h are singular (−∆) α/2 -harmonic functions in D and u/h is bounded, then u can be recovered from non-tangential boundary limit values of u/h. 
which is well-defined for ν-a.e. z ∈ ∂D. If we further assume that u is positive in D, then
That is, ϕ u (z) is Radon-Nikodym derivative of the (unique) Martin-representing measure µ u with respect to ν.
Proof. Without loss of generality, we can assume u is positive and bounded. Recall that
for every z ∈ ∂D. Now take an increasing sequence of smooth open sets {D m } m≥1 such that
for ν-a.e. z ∈ ∂D. By Proposition 3.5 and zero-one law (Proposition 3.7)
Therefore, by the bounded convergence theorem and the harmonicity of u/h with respect to P h x , we have
for every x ∈ D. By Theorem 3.4, In fact, we know from Theorem 2.5 and its proof that for every regular boundary point z = z 1 ,
which is obviously not equal to M D (x, z 1 ).
Recall that an open set G ∈ R n is said to satisfy the uniform exterior cone condition if there exist constant η > 0, r > 0 and a cone C = {x = (x 1 , · · · , x n ) ∈ R n ; 0 < x n , (x 2 1 + · · · + x 2 n−1 ) 1/2 < ηx n } such that for every z ∈ ∂G, there is a cone C z with vertex z, isometric to C and satisfying C z ∩ B(z, r) ⊂ G c . It is well known that for every bounded open set G in R n satisfying uniform exterior cone condition, there is a function P G (x, z) defined on G × G c such that
for every f ≥ 0 on G c (for example, see [16] ). The kernel P G (x, z) is called the Poisson kernel for the symmetric α-stable process in G. If our D satisfies the uniform exterior cone condition, then we can state Theorem 3. 
is bounded in D for a positive singular
where P D (x, y) is Poisson kernel for X in D, ν is the Martin-representing measure for h, and
which is well-defined for ν-a.e. z ∈ ∂D.
If D is a bounded C 1,1 -open set, we have a concrete sufficient condition for the representation theorem. 
If u is positive (−∆) α/2 -harmonic in D and there exists c > 0 such that
where P D (x, y) is Poisson kernel for X in D and
Proof. It is easy to see that bounded C 1,1 -open sets satisfy the uniform exterior cone condition. Let σ be the surface measure on ∂D. Since D is a bounded C 1,1 open set, there exists c 1 depending only on D such that for every x ∈ D and k ≥ 1, (3.19) where z x ∈ ∂D and |z x − x| = δ D (x). Let
We see that
By the Martin kernel estimate in [9] , (3.19) and (3.20) we have
for every x ∈ D.
Therefore by Corollary 3.20,
Now suppose that n = 2, D = B := B(0, 1), x 0 = 0 and σ 1 is the normalized surface measure on ∂B. It is showed in [26] that the Stolz domain is the best possible one for Fatou's Theorem in B for transient censored stable processes. Using similar methods, we can show that our Stolz open set is also the best possible one. First we modify the proof of Lemma 3.19 in [26] using the Martin kernel estimate for symmetric α-stable process in B.
Suppose U is a measurable function on ∂B such that 0 ≤ U ≤ 1. Let
where x ∈ B. Suppose that 0 < λ < π and U (e iθ ) = 1 for θ 0 − λ ≤ θ ≤ θ 0 + λ. Then there exists a δ = δ(ε, α) such that
Proof. First, it is clear that
So we have, by the Martin kernel estimate for ball,
In the above inequality, we have used the fact that h(ρe iθ 0 ) ≤ c(1 − ρ) α/2−1 (see the proof of Corollary 3.17). For any ε > 0, δ := min
Once we have this lemma, the rest of the details are similar to those in [28] . A curve C 0 is called a tangential curve in B which ends on ∂B if C 0 ∩ ∂B = {w 0 } ∈ ∂B, C 0 \ {w 0 } ⊂ B and there are no r > 0 and β > 1 such that C 0 ∩ B(w 0 , r) ⊂ A Let C 0 be a tangential curve in B which ends on ∂B and let C θ be the rotation of C 0 about x 0 through an angle θ. Then there exists a positive (−∆) α/2 -harmonic function u in B := B(x 0 , 1) such that for a.e. θ ∈ [0, 2π] with respect to Lebesgue measure,
does not exist.
Proof. We observe that for bounded measurable function U ≥ 0 on ∂B,
tends radially to U for almost all θ by the uniqueness of the Martin-representing measure and Theorem 3.18. So, with the same E k defined in [28] , one can show that there exists a singular
By following the argument in [28] , one can check that u := ∞ k=1 u k will do. 2
Relative Fatou's Theorem under Nonlocal Feynman-Kac Transforms
First we will show the existence of nontangential limit of the ratio of Green function and singular (−∆) α/2 -harmonic function. This result will be used later in this section.
Lemma 4.1 Let ν be a finite measure on ∂D and let
then for ν-a.e. z ∈ ∂D and every y ∈ D,
exists for every β > 1 − κ κ .
The above nontangential limit typically depends on y ∈ D but the null set for the limit is independent of y ∈ D.
Proof. It is well known that (for example, see [2] , [16] and [17] )
where G(x, y) is the Green function of X in R n . Since G(x, x 0 ) is continuous near ∂D, for every z ∈ ∂D lim
Therefore by Theorem 3.13, for ν-a.e. z ∈ ∂D,
for every z ∈ ∂D and y ∈ D, we have for ν-a.e. z ∈ ∂D and every y ∈ D,
Now we recall the following definitions from Chen [8] and specify them for X D , the symmetric α-stable process in D. We call a positive measure µ on D a smooth measure of X D if there is a positive continuous additive functional (PCAF in abbreviation)
for any Borel measurable function f ≥ 0. Here ↑ lim t↓0 means the quantity is increasing as t ↓ 0. The measure µ is called the Revuz measure of A. It is known that (1) The measure ν (or the continuous additive functional A) is said to be in the class S ∞ (X D ) if for any ε > 0 there is a Borel subset K = K(ε) of finite |ν|-measure and a constant δ = δ(ε) > 0 such that
and for all measurable set B ⊂ K with |ν|(B) < δ,
(2) A function q is said to be in the class 
for every x ∈ D (see [30] for details). We let µ H D (dx) be the Revuz measure for H D . 
F is said to be in the class A ∞ (X D ) if for any ε > 0 there is a Borel subset K = K(ε) of finite µ |F | -measure and a constant δ = δ(ε) > 0 such that
and for all measurable sets B ⊂ K with µ |F | (B) < δ,
As it is remarked in Chen [8] , it follows from measure theory that the Borel set in above Definitions 4.2-4.3 can be taken to be compact.
For a smooth measure µ associated with a continuous additive functional A µ and a Borel measurable function F on D × D that vanishes along the diagonal, define
In the remainder of this section, let µ ∈ S ∞ (X D ) and F ∈ A ∞ (X D ) such that the gauge function
is bounded. It leads us a Schrödinger semigroup
For x, y ∈ D, let E y x denote the expectation for the conditional process starting from x obtained from X D through Doob's h-transform with h( · ) = G D ( · , y). By Lemma 3.9 of Chen [8] , the Green function for the Schrödinger semigroup
by Theorem 3.10 in [8] .
For x ∈ D and w ∈ ∂D, let u(x, w) :
] where E w x is the expectation for the conditional process of X D obtained through h-transform with h( · ) = M D ( · , w). One can follow the argument in Section 3 of [11] and show that, for any w ∈ ∂D and x ∈ D,
which implies that for every w ∈ ∂D and x ∈ D, Lemma 4.4 Let ν be a finite measure on ∂D and let
exists for every (−∆) α/2 -harmonic function f ≥ 0 and every β > (1 − κ)/κ.
Proof. Note that the definition of A ∞ (X D ) is symmetric in x and y and so F ∈ A ∞ (X D ) where F (x, y) := F (y, x). Moreover by the argument in page 60 of [12] and the symmetric property of X D , it is easy to see that
which also implies that E y [e A µ + F (τ D )] is bounded by Theorem 3.10 in [8] . Thus by (4.2) with F instead of F , we have for every y ∈ D and w ∈ ∂D,
So (4.5) is true by Lemma 4.1. Now we will show (4.6) with a fixed (−∆) α/2 -harmonic function f ≥ 0. By Theorem 3.13 and (4.5), there is a ν-null set B ⊂ ∂D such that for every w ∈ ∂D \ B ,
, lim
and lim
Now we fix β > (1 − κ)/κ, w 0 ∈ ∂D \ B and a sequence {x k } k≥1 ⊂ A β w 0 converging to w 0 . Let
where F + (y, z) and F − (y, z) are F 's positive and negative parts respectively. Given ε > 0, by a similar argument to those for Proposition 3.1 in [12] and Proposition 3.1 in [15] (also see the remark immediately following Definition 4.3), there exists a compact subset
for all x ∈ D. Thus, for every x ∈ D, 
is uniformly integrable in D and
is uniformly integrable in D×D because f is bounded on K ×K and lim k→∞
Letting ε → 0, we have lim sup
On the other hand, by Fatou's lemma, lim inf
Therefore,
Similarly, we have
To state relative Fatou's theorem for the Schrödinger operator corresponding to Q t , we need the following definition.
In Chen and Kim [11] , an integral representation of nonnegative excessive functions for the Schrödinger operator is established. Moreover it is shown that the Martin boundary is stable under non-local Feynman-Kac perturbation. These results hold for a large class of strong Markov processes. We state a simpler version with respect to X D here for later use.
Theorem 4.6 (Theorem 5.16 in [11] . Also see Section 6 in [11] for a general setting) For every positive (µ, F )-harmonic function u, there is a unique finite measure ν on ∂D such that 
where ν is a finite measure on ∂D. If u is a nonnegative (µ, F )-harmonic function, then for ν-a.e. z ∈ ∂D,
] where E w x is the expectation for the conditional process of X D obtained through h-transform with h( · ) = M D ( · , w). By Theorem 4.6, there is a finite measure µ 1 on ∂D such that
which is a finite measure on ∂D because of (3.16) in [8] . Using (4.3) and (4.4), we have
which are (−∆) α/2 -harmonic in D (and are continuous in D) and let
By Tonelli's Theorem, for every x ∈ D, we have
Given ε > 0, using an argument similar to that in Lemma 4.4, there exists a compact subset
for all x ∈ D. Thus, for every x ∈ D, Because of (4.4), we can show that our result is the best possible one using the same argument as in Lemma 3.22 and Theorem 3.23. In Chen and Song [13] , they obtained X m , relativistic stable process with parameter m > 0 from X D through nonlocal Feynman-Kac transform K m t for α ∈ (0, 2). That is, 
